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Generating entangled states is one of the most important tasks in quantum information technol-
ogy. However, in reality any entanglement generator must contain some characteristic uncertainty,
and as a result the produced entangled state becomes an undesirable mixed state. This paper de-
velops a coherent feedback control scheme that suppresses the characteristic uncertainty of a typical
entanglement generator (non-degenerate optical parametric oscillator) for producing robust Gaus-
sian entangled states. In particular, we examine a two-mode squeezed state and Gaussian four-mode
cluster states to demonstrate the effectiveness of the proposed control method.
I. INTRODUCTION
Entangled states are an essential resource in quan-
tum information technology, such as the quantum cryp-
tography [1] and the quantum teleportation [2–4]. In
particular, continuous-variable (CV) systems are well-
established platforms for demonstrating those quantum
information processing [5]; for instance, Gaussian CV
cluster states [6, 7] is an important class of entangled
states that can be applied to the one-way quantum com-
putation [8].
However, in practice there always exists a fragility issue
in the process of generating entangled states, which as a
result could largely degrade the performance of quantum
information processing. To be specific, we here focus on
the non-degenerate optical parametric oscillator (NDPO)
[9–12], which can be used for generating various types of
entangled states. The NDPO is an optical cavity contain-
ing a nonlinear crystal; two photons entering the nonlin-
ear crystal will be amplified by a strong electromagnetic
wave (pump), and at the same time these two photons
become entangled; as a result the NDPO outputs an en-
tangled light field. The fragility issue in this device is
that the system parameters such as the pump gain and
the cavity length easily change, which as a result induces
fluctuation on the output entangled state. This means
that the resulting entangled state must be a mixed state.
Therefore, it is important to devise a robust entangle-
ment generator which is ideally free from the system’s
characteristic uncertainties. The key technique that is
generally used for suppressing such a system fluctuation
is feedback control. In the classical (non-quantum) case,
the basic configuration of the feedback control is shown in
Fig. 1. Let us consider a system P (called the “plant”),
which outputs the signal y. For example, think y as a
voltage and ω as a frequency of the input. We want
the voltage to be, say y = 5.0 volts at ω = 0; however,
due to the inevitable characteristic uncertainty contained
in any electric device P , the output voltage must vary
from the target value. The general solution is to feed
a portion of the output y back to the input by passing
it through a robust system C (called the “controller”);
then a suitably chosen controller may suppress the plant’s
Controller
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FIG. 1. Configuration of the general classical feedback con-
trol. When there is no feedback, the output y fluctuates (see
the right figure). By adding a feedback loop with controller
C, the fluctuation of y can be suppressed.
fluctuation, and as a result the total system generates a
less-fluctuating output. This effect can be clearly seen
especially when the plant is given by an amplifier. Let us
now interpret P and C as the gain at ω = 0 of the plant
and the controller, respectively; then an input signal to
the total system, u, is transformed to the output
y =
P
1 + PC
u,
which converges to y = u/C in the limit P → ∞. This
does not depend on P , and thus the output is robust
against the plant’s uncertainty involved in P .
Our idea is to apply the above idea to the problem of
entanglement generation, where particularly the plant P
is given by a multi-mode Gaussian entanglement genera-
tor composed of a single NDPO and some beam splitters.
In fact we show that, with the aid of feedback control,
the controlled system becomes robust against the plant’s
fluctuation and obtains the ability to selectively produce
several types of cluster states in a robust way. Note that
this is a non-trivial extension of the work [13], where a
similar feedback scheme is applied to engineer a robust
phase-insensitive quantum linear amplifier; here by the
word “non-trivial” we mean that how to configure the
total feedback-controlled system composed of a multi-
mode entangler and a controller is not clear, compared
to the simple feedback amplification problem studied in
[13]. Actually we show that, in the problem of gener-
ating four-mode cluster states, the effect of the feedback
control differs depending on the structure of the feedback
loop.
2crystal
pump
FIG. 2. Schematic of NDPO. The two input modes b1,in, b2,in
enter the system, and two outputs b1,out, b2,out come out.
II. PRELIMINARIES
A. The NDPO
Here we review the dynamics of the NDPO (see Fig. 2).
The NDPO has two internal modes (annihilation opera-
tors) a1 and a2, which are called the signal mode and the
idler mode, respectively. The signal mode with frequency
ω1 and the idler mode with frequency ω2 couple at the
nonlinear crystal driven by the classical pump mode with
frequency 2ωp. The interaction Hamiltonian is given by
H = ~ω1a
†
1a1+ ~ω2a
†
2a2+ i~λ(a
†
1a
†
2e
−2iωpt− a1a2e2iωpt),
where λ ∈ R is a coupling constant. The two modes a1
and a2 become entangled through this interaction; they
leave the cavity and are transformed to an entangled
traveling field between the field annihilation operators
b1,out and b2,out. Now let b1,in and b2,in be the input
modes entering the cavity at the mirrors (see Fig. 2).
Then, the quantum Langevin equations [14–16] of the
cavity modes in the rotating frame at ωp are given by
da1
dt
= −
(
i∆1 +
κ
2
)
a1 + λa
†
2 −
√
κ b1,in, (1)
da†2
dt
= −
(
−i∆2 + κ
2
)
a†2 + λa1 −
√
κ b†2,in, (2)
where κ is a damping rate and ∆j := ωj − ωp are detun-
ings of the cavity modes from the pump mode (~ = 1 in
this paper). Also, the input-output relations are
b1,out =
√
κa1 + b1,in, b
†
2,out =
√
κa†2 + b
†
2,in. (3)
By Laplace transforming Eqs. (1), (2) and (3), followed
by eliminating a1 and a2, one obtains[
b1(s)
b†2(s)
]
out
= G(s)
[
b1(s)
b†2(s)
]
in
, G(s) =
[
G11(s) G12(s)
G21(s) G22(s)
]
,
where s ∈ C is the Laplace variable and Gij(s) are
G11(s) =
(s− κ/2 + i∆1) (s+ κ/2− i∆2)− λ2
D(s)
,
G12(s) = G21(s) =
−λκ
D(s)
,
G22(s) =
(s+ κ/2 + i∆1) (s− κ/2− i∆2)− λ2
D(s)
.
FIG. 3. (a) Diagram of the NDPO without control. (b) The
coherent feedback configuration; the idler mode is used for
feedback while the signal mode is not touched.
with
D(s) :=
(
s+
κ
2
+ i∆1
)(
s+
κ
2
− i∆2
)
− λ2. (4)
They satisfy |G11(iω)| = |G22(iω)|, |G12(iω)| =
|G21(iω)|, and G11(iω)G22(iω) − G12(iω)G21(iω) =
G22(iω)/G
∗
11(iω) for all ω.
B. The quantum feedback amplification method
Here we review the coherent feedback method for engi-
neering a robust quantum amplifier [13]. The plant G is
a general 2-inputs and 2-outputs linear phase-insensitive
amplifier shown in Fig. 3(a); the NDPO discussed above
is a special class of this system. The feedback structure
is shown in Fig. 3(b); the idler output of G is connected
to the idler input of G, through a 2-inputs and 2-outputs
linear passive quantum system K such as an empty op-
tical cavity, without involving any measurement process
[17–22]. We express the controller’s transfer function ma-
trix K(s) in the Laplace domain as
K(s) =
[
K11(s) K12(s)
K21(s) K22(s)
]
.
Note that, from the passivity property, K(iω) is a uni-
tary matrix satisfying K(iω)K†(iω) = I2 where I2 =
diag{1, 1}. Then, the input-output relation of the total
system depicted in Fig. 3(b) is given by[
b1(s)
b†2(s)
]
out
=
[
Gfb11(s) G
fb
12(s)
Gfb21(s) G
fb
22(s)
] [
b1(s)
b†2(s)
]
in
,
where
Gfb11(s) =
G11 −K21(G11G22 −G12G21)
1−K21G22 ,
Gfb12(s) =
G12K22
1−K21G22 , G
fb
21(s) =
G21K11
1−K21G22 ,
Gfb22(s) =
K12 +G22 detK
1−K21G22 .
3From the equations below Eq. (4), one can obtain the
following result:
|Gfb11(iω)| =
∣∣∣∣G11/|G11| −K21(G11G22 −G12G21)/|G11|1/|G11| −K21G22/|G11|
∣∣∣∣
|G11|→∞−−−−−−→ 1|K21(iω)| . (5)
Therefore, if G(iω) is a large-gain amplifier, the gain of
the whole controlled system depends only on the passive
(and thus robust) component |K21(iω)|. That is, the
controlled system functions as a robust amplifier with
gain 1/|K21(iω)| > 1.
III. ROBUST TWO-MODE SQUEEZED STATE
In this section we show that the feedback amplification
technique discussed in Sec. II B is effective for generating
a robust two-mode squeezed (TMS) state. In our scenario
this is a Gaussian entangled state between the signal and
idler output fields of the NDPO [12]. To quantify the
entanglement of TMS state, we apply the entanglement
entropy, which can be explicitly calculated in terms of
the covariance matrix (CM) (see Appendix A). The CM
of the output state of the general (non-controlled) linear
amplifier G is given, in the frequency domain, by
γ(iω) =
1
2
[
(|G11|2 + |G12|2)I2 2|G11G12|I1,1
2|G11G12|I1,1 (|G11|2 + |G12|2)I2
]
,
where I1,1 = diag{1,−1}. Also |G11| = |G22| and
|G12| = |G21| are used. From this CM, one obtains the
entanglement entropy S(iω) of the TMS state as
S(iω) = |G11(iω)|2 ln |G11(iω)|2 − |G12(iω)|2 ln |G12(iω)|2.
Note that the output field state of the feedback-
controlled amplifier is also a TMS state, and its covari-
ance matrix γfb and the entanglement entropy Sfb can
be obtained simply by replacing Gij by G
fb
ij in the above
two equations. Then, as one can see, γfb and Sfb consist
of |Gfbij |, which is free from the characteristic uncertainty
of the original amplifier G if it has a large gain; as a con-
sequence, the entanglement property of the output state
of the feedback-controlled system also does not depend
on those uncertainty. This is the central idea of robust
entanglement generation via feedback amplification.
We consider the NDPO discussed in Sec. II A. The pole
of this linear system is s± = −κ/2±
√
λ2 −∆2, and the
gain at s = 0 is
|G11(0)|2 = κ
4 + 16(∆2 − λ2)2 + 8κ2(∆2 + λ2)
(κ2 − 4λ2 + 4∆2)2 ,
where ∆1 = ∆2 = ∆ is assumed. In the usual set-
ting with cavity-locked NDPO (∆ = 0), the parameter
is chosen as κ → 2λ + 0 to realize a high-gain ampli-
fication. However, this induces s+ → 0, meaning that
0
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FIG. 4. (a) The sensitivity of the entanglement entropy at
ω = 0. (b) The entanglement entropy before (the blue lines)
and after (the red lines) feedback as a function of ω.
the amplifier becomes nearly unstable; that is, there is
a trade-off between the gain and stability of the sys-
tem. To circumvent this issue, we take a special type of
NDPO satisfying ∆ = λ [13]; then, because s± = −κ/2,
such a trade-off does not appear. In this case, from
|G11(0)| =
√
1 + 16λ2/κ2, the gain of the NDPO in-
creases monotonically with λ. Here the controller is set
to a beamsplitter, which is independent of the frequency:
K(iω) = K =
[
τ −̺
̺ τ
]
, τ2 + ̺2 = 1, (6)
where τ is the transmissivity and ̺ is the reflectivity.
In particular here we take ̺ = 0.04, which satisfies the
stability condition |̺| < κ/2λ for the feedback-controlled
system [13]. Also λ = 10κ. The effect of the feedback
can be clearly seen by examining the sensitivity of the
entanglement entropy, ∂S(iω)/∂λ; here, for simplicity,
only the coupling strength λ is assumed to change. Fig.
4(a) shows the sensitivity of the non-controlled system
∂S(0)/∂λ and that of the controlled-one ∂Sfb(0)/∂λ. It
is clear that the feedback control drastically lowers the
sensitivity, meaning that the entangled state is robust
against an unexpected change of λ.
Let us now see the robustness of the entanglement en-
tropy in the frequency domain. The two parameters λ
and κ can vary up to 10% from their nominal values, i.e.,
λ = (1 + δ1)λ0 and κ = (1 + δ2)κ0, where λ0 and κ0
are the nominal values satisfying λ0 = 10κ0. Figure 4(b)
shows 90 samples of entanglement entropy, where the red
and blue lines correspond to the case with and without
feedback, respectively. Also δ1 and δ2 deterministically
4(a) (b)
FIG. 5. Entanglement entropy without (a) and with (b)
feedback control.
and linearly change from −0.1 to 0.1. Clearly, in the low-
frequency regime, the variation of Sfb(iω) due to the fluc-
tuation of (λ, κ) is smaller than that of S(iω), at the price
of decreasing the degree of entanglement. It is notewor-
thy that this robustness property of the TMS state is pro-
vided intrinsically from the feedback control. This fact
can be seen from Fig. 5, comparing the non-controlled
system satisfying λ0 = 5κ0 versus the feedback-controlled
one satisfying λ0 = 10κ0, where in both cases the same
10% variations to these parameters as above are added;
in fact the nominal values of S(0) and Sfb(0) are nearly
the same, but the variation of Sfb(0) is clearly smaller
than that of S(0).
IV. ROBUST GAUSSIAN CLUSTER STATES
In the previous section, we showed how the feedback
control suppresses the fluctuation of the two-mode entan-
gled state. Here we expand this result to a multi-mode
case, in particular four-mode Gaussian cluster states with
linear, T-shape, and square structures [7, 23, 24]. Al-
though there are several ways to create cluster states
[25], we take the method using only a single multi-mode
NDPO [24, 26–29].
A. Linear cluster state
We begin with a linear cluster state depicted in
Fig. 7(a), where the label j (= 1, 2, 3, 4) in the figure
corresponds to bj,out. This is an output field state of a
single multi-mode NDPO, as in the case of TMS state;
see Appendix B. The input-output relation of the NDPO
in the Laplace domain is written as

b1
b†2
b3
b†4


out
= G(s)


b1
b†2
b3
b†4


in
, (7)
where G(s) is the 4 × 4 transfer function matrix. Each
matrix element contains the coupling constants λl (l =
1, 2, 3), the damping rates κj (j = 1, 2, 3, 4), and the
detunings ∆j (j = 1, 2, 3, 4). Here, for simplicity, we
assume λ := λl, κ := κj , and ∆ := ∆j for all l, j.
FIG. 6. Feedback control where b3 is used (the mode-3 FB).
Let us apply the feedback control to the above 4 inputs
and 4 outputs NDPO. Unlike Fig. 3(b), the feedback con-
figuration is non-trivial to design; we need to choose pairs
of (bj,out, bk,in) and connect them via coherent feedback
through a controller K(s). In this paper we particularly
consider the mode-j FB, meaning that bj,out and bj,in
are connected for a single index j (Fig. 6 is the case of
j = 3). Then the transfer function matrix Gfb(s) for the
feedback-controlled system is composed of the following
elements:
Gfbjj =
K12 +Gjj detK
1−GjjK21 ,
Gfbjk =
GjkK11
1−GjjK21 , G
fb
lj =
GljK22
1−GjjK21 , (k, l 6= j),
Gfblk =
Glk +K21(GljGjk −GjjGlk)
1−GjjK21 , (k, l 6= j).
Because Gjj shows up in the denominators of G
fb, the
effect of feedback control appears when |Gjj | → ∞. Now
the poles of the NDPO is given by
s = −κ
2
±
√
3−√5
2
λ2 −∆2, − κ
2
±
√
3 +
√
5
2
λ2 −∆2.
As discussed in Sec. III, we take ∆ =
√
(3 +
√
5)/2λ,
leading that all the poles strictly locate in the left-side of
the complex plane for arbitrary large gain of the ampli-
fier; that is, the gain-stability trade-off does not appear.
Let us now see the robustness property of the feedback-
controlled system, by examining the entanglement en-
tropy and its sensitivity. Again the beamsplitter con-
troller (6) with ̺ = 0.04 is taken. Figure 7(b) shows the
sensitivities with λ = 10κ at ω = 0 for two cases of feed-
back way: the mode-2 FB (red bars) and the mode-4 FB
(green bars). Clearly both of the feedback schemes re-
duce the sensitivity, but the degree of suppression differs
depending on which mode is used for feedback. That is,
the mode-2 FB makes the cluster state more robust than
the mode-4 FB. This is because the mode-2 has two links
while the mode-4 has only one; hence, the use of the for-
mer as feedback would be more effective to suppress the
fluctuation added on all nodes. This difference can be ob-
served in the frequency domain as well; Fig. 7(c) shows
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FIG. 7. (a) Structure of the linear cluster state. (b) Sensitiv-
ities of the entanglement entropy. (c) Entanglement entropy
between the mode-1 and the other modes, with (the red and
green lines) and without (the blue lines) feedback.
90 sample paths of the entanglement entropy between the
mode-1 and the other modes, where, as in the previous
case, (λ, κ) deterministically and linearly change up to
10% from their nominal values satisfying λ0 = 10κ0.
B. T-shape cluster state
The next example is the T-shape cluster state whose
structure is shown in Fig. 8(a). The system Hamil-
tonian is given in Appendix B, where for simplicity
λ = λl, κ = κj, and ∆ = ∆j are assumed. The poles
of the non-feedback NDPO are s = −κ/2 + i∆ and
s = κ/2 ± √3λ2 −∆2. Similar to the previous cases,
we take ∆ =
√
3λ to avoid the gain-stability trade-off.
As for the controller, the beamsplitter with ̺ = 0.024
is chosen. Under this condition, the sensitivity and the
entanglement entropy are depicted in Figs. 8(b) and (c),
where λ0 = 10κ0 and up to 10% fluctuation are added to
(λ, κ). Likewise the linear cluster case, the mode-1 FB
scheme realizes the better suppression than the mode-2
FB, presumably because controlling the mode-1 can af-
fect on all the other modes through the direct links while
the mode-2 can do that only via an indirect way.
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FIG. 8. (a) Structure of the T-shape cluster state. (b)
Sensitivities of the entanglement entropy. (c) Entanglement
entropy between the mode-1 and the other modes, with (the
red and green lines) and without (the blue lines) feedback.
C. Square cluster state
Finally, we examine the square cluster state shown in
Fig. 9(a). Again we assume λ = λl, κ = κj , and ∆ = ∆j .
The poles are s = −κ/2±i∆, and s = −κ/2±√4λ2 −∆2,
leading to ∆ = 2λ. The controller is a beamsplitter with
̺ = 0.04. Then with the same parameters choice as in
the previous case, the sensitivities and the entanglement
entropies are depicted in Figs. 9(b) and (c). As ex-
pected, the mode-1 FB and the mode-2 FB schemes have
the same effect on the robustness, due to the symmetric
structure.
V. CONCLUSION
This paper has demonstrated that the feedback ampli-
fication technique proposed in [13] is effective for gener-
ating robust Gaussian entangled states. In particular, we
have seen that the degree of robustness depends on the
structure of feedback control; for the four-mode cluster
states examined in this paper, our conclusion was that
we should choose the mode having the biggest number of
connection to the others, to construct the feedback loop.
However, determining the most effective feedback for the
general case is not a trivial problem and needs extensive
investigation. Considering the fact that a feedback am-
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FIG. 9. (a) Structure of the square cluster state. (b) Sen-
sitivities of the entanglement entropy. (c) Entanglement en-
tropy between the mode-1 and the other modes, with (the red
and green lines) and without (the blue lines) feedback.
plification architecture is involved in almost all electric
circuits to generate robust functionalities, therefore, the
result shown in this paper would be a first step toward
developing a quantum circuit theory for robust quantum
functionalities such as teleportation.
Appendix A: Entanglement Measure
Let us consider a density operator ρ of a total sys-
tem Htot, which we can divide it into two Hilbert spaces:
Htot = HA⊗HB . Then, the entanglement entropy SA of
the Hilbert spaceHA is defined as SA := −TrA[ρA ln ρA],
where ρA is the reduced density operator ρA = TrB[ρ]. It
is worth noting that the entropy always satisfies SA ≥ 0
where SA = 0 means that HA and HB are not entangled.
Also, it satisfies SA = SB iff the state in the total system
Htot is in a pure state.
Although the entanglement entropy is generally hard
to calculate, it is straightforward in the Gaussian case
[30–33]. Let us consider an n-mode Gaussian system with
vector of quadratures x = [q1, p1, q2, p2, · · · , qn, pn]⊤,
with q = (b + b†)/
√
2 and p = (b − b†)/√2i. Then the
covariance matrix (CM) γ is defined as
γ := Re
[〈
xx⊤
〉]
,
where 〈•〉 is an expected value. Let us denote xout and xin
as vectors of the output and the input modes respectively.
FIG. 10. Schematic diagram of the NDPO generating the
linear Gaussian cluster state. The red and the green lines
represent entanglement between the modes.
These two vectors are related by xout = Y xin, where Y
is a 2n × 2n matrix. In the vacuum input case, where
〈q2〉 = 〈p2〉 = 1/2, 〈qp〉 = i/2, and 〈pq〉 = −i/2 hold, the
CM of the output state is given by
γ = Re
[
Y 〈xinx⊤in〉Y ⊤
]
=
1
2
Re[Y RY ⊤],
where
R :=
[
1 i
−i 1
]
⊕
[
1 i
−i 1
]
.
Now, the entanglement entropy between the jth mode
and all the other modes is given by
Sj =
(
σj +
1
2
)
ln
(
σj +
1
2
)
−
(
σj − 1
2
)
ln
(
σj − 1
2
)
,
where σj is the jth symplectic eigenvalue of the CM.
More specifically, ±iσj is the eigenvalue of γjΩ, where
γj =
[ 〈q2j 〉 〈qjpj + pjqj〉/2
〈qjpj + pjqj〉/2 〈p2j〉
]
, Ω =
[
0 1
−1 0
]
.
Note that if σj = 1/2 then Sj = 0, meaning that there is
no entanglement between the mode-j and the others.
Appendix B: NDPO dynamics for the four mode
Gaussian cluster state
The linear cluster state is generated, by using two
pumps entering a nonlinear crystal (see Fig. 10). The
pump with frequency 2ωp1 generates a pair of the modes
{1, 2}, and the pump with frequency 2ωp2 generates two
pairs of the modes {2, 3} and {1, 4}. That is, the system
Hamiltonian is given by
Hsys =
4∑
j=1
ωja
†
jaj +
[
i
(
η1a
†
1a
†
2ap1 + η2a
†
1a
†
4ap2
+ η3a
†
2a
†
3ap2
)
+ h.c.
]
,
where aj is the annihilation operator of mode-j. Also
ωj is the frequency of mode-j, and ηl is the coupling
constant between the cavity modes. We now use the
undepleted pump approximation [28, 29, 34] to make the
7FIG. 11. Schematic diagrams of the NDPO generating (a) the T-shape and (b) the square cluster states.
interactions linear; that is, ap1 and ap2 are treated as
c-numbers and are absorbed into ηl which redefines the
coupling constants as ηl → λl. The resulting quantum
Langevin equations for the cavity modes aj are
a˙1 = −
(
i∆1 +
κ1
2
)
a1 + λ1a
†
2 + λ2a
†
4 −
√
κ1b1,in,
a˙†2 = −
(
−i∆2 + κ2
2
)
a†2 + λ1a1 + λ3a3 −
√
κ2b
†
2,in,
a˙3 = −
(
i∆3 +
κ3
2
)
a3 + λ3a
†
2 −
√
κ3b3,in,
a˙†4 = −
(
−i∆4 + κ4
2
)
a†4 + λ2a1 −
√
κ4b
†
4,in,
where κj is the damping rates, ∆j is the detuning, and
bj,in is the input field mode interacting with aj. Also,
the input-output relations are given by bj,out = bj,in +√
κjaj . After the Laplace transform is applied to the
above quantum Langevin equations, the input fields bj,in
and the output fields bj,out are related by the following
symmetric transfer function matrix G(s) = G(s)⊤:

b1
b†2
b3
b†4


out
=


G11 G12 G13 G14
⋆ G22 G23 G24
⋆ ⋆ G33 G34
⋆ ⋆ ⋆ G44




b1
b†2
b3
b†4


in
,
where ⋆ denote the symmetric elements and
G11 = 1 + κ1A4(A2A3 − λ23)/D, G12 = λ1
√
κ1κ2A3A4/D,
G13 = λ1λ3
√
κ1κ3A4/D, G14 = λ2
√
κ1κ4(A2A3 − λ23)/D,
G22 = 1 + κ2A3(A1A4 − λ22)/D,
G23 = λ3
√
κ2κ3(A1A4 − λ22)/D, G24 = λ1λ2
√
κ2κ4A3/D,
G33 = 1 + κ3(A1A2A4 − λ21A4 − λ22A2)/D,
G34 = λ1λ2λ3
√
κ3κ4/D,
G44 = 1 + κ4(A1A2A3 − λ21A3 − λ23A1)/D,
where
D = λ21A3A4 − (A1A4 − λ22)(A2A3 − λ23),
A1 = s+ i∆1 + κ1/2, A2 = s− i∆2 + κ2/2,
A3 = s+ i∆3 + κ3/2, A4 = s− i∆4 + κ4/2.
The Y matrix appearing in Appendix A is readily ob-
tained from G, and as a result the entanglement entropy
of the linear cluster state can also be calculated easily.
As for the T-shape and square cluster states, we just
give the system Hamiltonians. In these cases three pump
modes are used, as seen in Fig. 11. For the T-shape case,
the system Hamiltonian within the undepleted pump ap-
proximation is given by
Hsys =
4∑
j=1
ωja
†
jaj +
[
i
(
λ1a
†
1a
†
2 + λ2a
†
1a
†
3 + λ3a
†
1a
†
4
)
+ h.c.
]
Also for the square cluster state, it is given by
Hsys =
4∑
j=1
ωja
†
jaj +
[
i
(
λ1a
†
1a
†
2 + λ2a
†
2a
†
3
+ λ3a
†
1a
†
4 + λ4a
†
3a
†
4
)
+ h.c.
]
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